We perform canonical analysis of non-relativistic particle in Newton-Cartan Background. Then we extend this analysis to the case of non-relativistic superparticle in the same background. We determine constraints structure of this theory and find generator of κ−symmetry.
Introduction and Summary
Holography is very useful for the analysis of properties of strongly coupled quantum field theories. Recently these ideas were extended to non-relativistic theories since today it is well known that non-relativistic holography is very useful tool for the study of strongly correlated systems in condensed matter, for recent review see [1] . Non-relativistic symmetries also have fundamental meaning in the recent proposal of renormalizable quantum theory of gravity known today as Hořava-Lifshitz gravity [2] , for recent review and extensive list of references, see [3] . There is also an interesting connection between Hořava-Lifshitz gravity and Newton-Cartan gravity [4, 5] . Newton-Cartan gravity is covariant and geometric reformulation of Newton gravity that is now very intensively studied, see for example [6, 7, 8, 9, 10, 11, 12, 13] Concept of non-relativistic physics also emerged in string theory when strings and branes were analyzed at special backgrounds. At these special points of string moduli spaces non-relativistic symmetries emerge in natural way [14, 15] . These actions were obtained by non-relativistic "stringy" limit where time direction and one spatial direction along the string are large. The stringy limit of superstring in AdS 5 × S 5 was also formulated in [19] and it was argued here that it provides another soluble sector of AdS/CFT correspondence, for related work, see [24, 25] . Non-relativistic limit was further extended to the case of higher dimensional objects in string theory, as for example p-branes [20, 21, 22, 23] It is important to stress that these constructions of non-relativistic objects are based on manifest separation of directions along which the non-relativistic limit is taken and directions that are transverse to them. The first step for the more covariant formulation which corresponds to the particle in Newton-Cartan background was performed in [30] and further elaborated in [10] . The structure of this action is very interesting and certainly deserves further study. In particular, it would be very useful to find Hamiltonian for this particle. Our goal in the first part of this article is to find the Hamiltonian formulation of the particle in Newton-Cartan and in Newton-Cartan-Hooke background. It turns out that this is non-trivial task even in the bosonic case due to the complicated structure of the action. On the other hand when we determine Hamiltonian constraint we find that the canonical structure of this theory is trivial due to the fact that there is only one scalar first class constraint. A more interesting situation occurs when we consider supersymmetric generalization of the non-relativistic particle. As the first case we study Galilean superparticle whose action was proposed in [30] . We find its Hamiltonian form and identify primary constraints. We show that fermionic constraints are the second class constraints that can be solved for the momenta conjugate to fermionic variables when we also obtain non-trivial Dirac brackets between fermionic variables. Next we consider more interesting case corresponding to the κ−symmetric non-relativistic particle action [30] . We again determine all primary constraints. Then the requirement of the preservation of the fermionic primary constraints determines corresponding Lagrange multipliers. In fact we find a linear combination of the fermionic constraints that is the first class constraint and that can be interpreted as the generator of the κ−symmetry. Since it is the first class constraint it can be fixed by imposing one of the fermionic variables to be equal to zero and we return to the previous case.
Finally we perform Hamiltonian analysis of superparticle in Newton-Cartan background. This action was found in [10] up to terms quadratic in fermions. We again determine Hamiltonian constraint which however has much more complicated form due to the presence of fermions . We also determine two sets of primary fermionic constraints. As the next step we study the requirement of the preservation of these constraints during the time evolution of the system. It turns out that this is rather non-trivial and complicated task in the full generality and hence we restrict ourselves to the simpler case of the background with the flat spatial sections. In this case we show that the Hamiltonian constraint is the first class constraint with vanishing Poisson brackets with fermionic constraints. We also identify linear combination of the fermionic constraints which is the first class constraint and that can be interpreted as the generator of κ−symmetry.
The extension of this paper is obvious. It would be very interesting to analyze constraint structure of superparticle in Newton-Cartan background in the full generality. Explicitly, we should analyze the time evolutions of all constraints and determine conditions on the background fields with analogy with the case of relativistic superparticle as was studied in [33] . We hope to return to this problem in future.
The organization of this paper is as follows. In the next section (2) we perform Hamiltonian analysis of particle in Newton-Cartan background. Then in section (3) we generalize this analysis to the case of particle in Newton-Cartan-Hooke background. In section (4) we perform Hamiltonian analysis of Galilean superparticle. Finally in section (5) we analyze Non-Relativistic Superparticle in Cartan-Newton Background.
Hamiltonian of Newton-Cartan Particle
By Newton-Cartan Particle we mean a particle that moves in Newton-Cartan background with an action invariant under general coordinate transformations. In order to describe Newton-Cartan background we need a temporal vielbein τ µ and spatial vielbein e a µ , µ = 0, . . . , d − 1 , a = 1, . . . , d − 1. We also need a central charge gauge field m µ . Then the action for particle in Newton-Cartan background has the form [10] 
where λ is a parameter that labels the world-line of the particle andẋ µ = dx µ dλ . From (2.1) we derive following conjugate momenta
Using (2.2) it is easy to see that the bare Hamiltonian is equal to zero
as we could expect since the action (2.1) is manifestly invariant under world-line reparameterization
The fact that the theory is invariant under world-line diffeomorphism suggests that there should exist corresponding Hamiltonian constraint. In order to find it we use following relations
in (2.2) and we obtain
If we combine these results together we obtain following primary constraint
which is desired result. Then extended Hamiltonian has the form
where λ λ is a Lagrange multiplier corresponding to the first class constraint H λ . The equations of motion for x µ , p µ have the forṁ
where
As the next step we would like to present an alternative way how to derive an action for Newton-Cartan particle. We start with an action for relativistic particle in general background
where E A µ is vielbein where A = 0, . . . , d − 1 and where exists inverse vielbein
Now we find corresponding canonical form of the action (2.11). To do this we derive conjugate momenta from (2.11)
that implies following primary constraint
(2.14)
Now we are ready to find Hamiltonian constraint for Newton-Cartan particle using following form of the vielbein E A µ that was introduced in [10]
where a = 1, . . . , d − 1 and where ω is a free parameter and we take ω → ∞ in the end. An inverse vielbein to (2.15) has the form 
Inserting (2.16) together with (2.18) into (2.14) and rescaling M as M = ωm we obtain
that in the limit ω → ∞ simplifies considerably
After trivial redefinition mµ 2 → m µ the Hamiltonian constrain (2.20) coincides with the constraint (2.7). Using (2.20) we find the canonical form of the Newton-Cartan particle action
It is instructive to find corresponding Lagrangian. Using (2.21) we obtaiṅ
Of course, this is not final form of the Lagrangian since it has to be function of x µ andẋ µ instead of p µ . In order to find this form we multiply (2.22) with τ µ and use (2.17) so that we can express v λ as
Further, if we multiply (2.22) with h µν we obtain
Inserting this result into (2.23) and using again (2.17) together with (2.24) we finally obtain
that coincides with the Lagrangian defined in (2.1).
The Newton-Cartan-Hooke Particle
In this section we perform Hamiltonian analysis of the Newton-Cartan-Hooke particle which is cosmological extension of the Newton-Cartan particle whose action was derived in [30] 
where the AdS radius R 2 is related to the cosmological constant Λ, Λ < 0 as R 2 = − 1 Λ . From (3.1) we find conjugate momenta
Following analysis performed in previous section we determine various projectors of the combination
If we combine these two relations we obtain following primary Hamiltonian constraint for the Newton-Cartan-Hooke particle
Supersymmetric Generalization
In this section we proceed to the Hamiltonian analysis of non-relativistic superparticles whose actions were derived in [30] and in [10] . We begin with the simplest case which is Galilean Superparticle. We restrict ourselves to the case of three dimensions as in [30] .
The Galilean Superparticle
The action for Galilean Superparticle has the form 3
3 Note that we use Majorana representation where all gamma matrices are real γ µ = (iσ2, σ1, σ3), or explicitly γ 0 = 0 1 1, 1) , I = 1 0 0 1 . Then we presume that θ− is real Majorana spinor so that
From (4.2) we determine corresponding conjugate momenta
where ∂ L means left-derivative. As usually we find that the bare Hamiltonian is zero
while the theory possesses three primary constraints
It is important to stress that p − α and θ β − are Grassmann odd variable with the graded Poisson brackets θ
Then it easy to find following non-zero Poisson bracket
In other words G − α are second class constraints. As a result we can eliminate all conjugate momenta p − α with the help of G − α = 0. Then of course we have to replace Poisson brackets between θ α − , θ β − with corresponding Dirac brackets
κ−symmetric Galilean Superparticle
It is well known that the relativistic superparticle is invariant under additional fermionic symmetry called κ−symmetry [31, 32] . In case of strings and branes an existence of κ− symmetry is necessary for the correct counting of degrees of freedom. In the non-relativistic case it is known from the work [20] that the κ−symmetry is just a Stückelberg symmetry that acts as a shift on one of the fermionic coordinates, see also [30] . Then this symmetry can be easily fixed by setting this fermionic coordinate to be equal to zero. It is instructive to see how it works in the canonical description so that we now perform Hamiltonian analysis of κ−symmetric version of the flat Galilean superparticle action that depends on an additional fermionic coordinate θ + . The action has the form [30]
where the line elements π 0 , π i are defined as
Now we proceed to the canonical formulation of this theory. From (4.9) we obtain
Last two equations imply two sets of primary constraints
with following non-zero Poisson brackets
(4.13)
Finally the theory possesses the Hamiltonian constraint in the form
that is clearly first class constraint
Again the bare Hamiltonian is equal to zero so that the extended Hamiltonian with the primary constraints included has the form
where λ λ , λ α + , λ α − are corresponding Lagrange multipliers. Now we have to check consistency of all constraints. H λ ≈ 0 is clearly preserved and it is the generator of world-line reparameterization. In case of the fermionic constraints we obtain
From the last equation we obtain
Inserting this result to the first equation (4.17) we find that it is obeyed since it is proportional to
so that λ β − is not specified and it is a free parameter. Then it is natural to introduce following linear combination of the fermionic constraints
Then it is easy to see that
which implies that {Σ α , Σ β } ≈ 0 and hence Σ α ≈ 0 is the first class constraint while G − α ≈ 0 is the second class constraint. Let us then calculate the Poisson brackets between all canonical variables and Σ α
With analogy with the Lagrangian description we would like to define κ−transformation that acts on the θ + as a shift. For that reason we define κ−transformation in the following way
Then using (4.22) we easily find
that are correct κ−symmetry transformations. Fixing the κ−symmetry can be done by imposing the gauge fixing condition
and hence we see that they are second class constraints that can be explicitly solved for θ α + and p + α . Further, the constraints G − α ≈ 0 are two second class constraints that can be solved for p − α exactly in the same way as in previous section.
Non-Relativistic Superpraticle in Newton-Cartan Background
In this section we perform Hamiltonian analysis of the non-relativistic superparticle in Cartan-Newton Background. The action for this particle was derived in [10] and it has the form
where we have following supersymmetric line elementŝ
whereD is covariant derivative with respect to spatial rotation
Finally it is understood that we are interested in terms up to second order in fermions in π aπb . It is important to stress that spin connections ω a µ , ω ab µ depend on e, τ, m, ψ. The explicit form of this dependence can be found in [10] . Now we can proceed to the Hamiltonian formalism. First of all we rewrite the line elementsπ a andπ 0 asπ
To proceed further we now presume an existence of the inverse matrix M In fact, since we are interested in terms up to second order in fermions we derive this matrix as follows. Let us denote original matrix and its inverse as 
To proceed further we have to introduce vector T µ that obeys the condition
With analogy with the pure bosonic case we presume that it has the form 14) where W µ is quadratic in fermions. Then the condition (5.13) implies
that can be again solved as
Finally note that generally
With the help of the knowledge of T µ , M µ a we can proceed to the derivation of corresponding Hamiltonian constraint. Using T µ and M a µ we find m 2π
where we defined Π µ as
Inserting the first equation in (5.18) into the second one we obtain
so that we obtain following Hamiltonian constraint
Further, using (5.18) in the second and third equation in (5.12) we also find fermionic primary constraints
As the next step we should analyze the requirement of the preservation of all constraints during the time evolution of the system. It is a difficult task in the full generality due to the complicated form of these constraints. For that reason we restrict ourselves to the special case when some of the background fields vanish
Then all constraints simplify considerably
Now we have to calculate Poisson brackets between all constraints. We start with the following one
It is important to stress that the fact that we restrict to the case ω ab µ = ω a µ = 0 implies, since they depend on spatial derivatives of e a µ , τ µ , that we should impose the condition that e a µ , m µ , τ µ do not depend on x µ as well. Then the equation given above implies that {G − α , H λ } = 0. In the same way we find that
and also
Finally we have to determine the time evolution of these constraints when we take into account that the total Hamiltonian is the sum of all primary constraints
H λ is preserved automatically while the time evolution of G α − , G α + is governed by following equationṡ
From the last equation we express λ
and inserting back to the first equation we obtaiṅ that coincide with the transformations (4.24) which is a nice consistency check.
In this section we performed Hamiltonian analysis of the non-relativistic superparticle in Newton-Cartan background. We derived general form of the Hamiltonian and fermionic constraints. Then we studied their properties for special configurations of background fields. It would be extremely interesting to analyze this theory for general background. We expect that the requirement of the existence of three first class constraints, where one is Hamiltonian constraint while remaining two constraints correspond to generators of κ−symmetry, will impose some restriction on the background fields. We hope to return to this analysis in near future.
